We study the surface modes of a homogenous spherical gain medium and provide a comprehensive analytic treatment of a special class of these modes that support spectral singularities. Because the latter have a divergent quality factor, we call them the singular gallery modes. We show that they can be excited using arbitrarily small amounts of gain, and as a result, the system lacks a lasing threshold, effectively. This shows that we can realize spectral singularities in the surface modes of extremely small spherical samples with modest amounts of gain. We also examine the possibility of exciting singular gallery modes with different wavelengths using the same amount of gain. This corresponds to the situation where the system undergoes simultaneous lasing at different wavelengths.
I. INTRODUCTION
Physical meaning and realizations of spectral singularities [1] have attracted much attention in recent years [2] - [14] . In particular, it is shown that in the realm of optics they correspond to the lasing at the threshold gain [7] and that a time-reversed optical spectral singularity is responsible for the coherent perfect absorption of light [8] .
In Ref. [9] we study the optical spectral singularities (OSSs) of a uniform spherical gain medium and show that the emergence of an OSS puts a lower bound on the radius of the gain medium. In Ref. [11] we show that this lower bound can be reduced by coating the medium with a high-refractive-index material. It turns out, however, that for typical gain media such as the dye laser material examined in Refs. [9, 11] such a coating is not sufficient to reduce the critical size for supporting spectral singularities to the micrometer range. This in turn leads to obvious problems related with maintaining a substantial amount of uniform gain throughout the sample.
The main reason for our inability to create OSS for smaller samples is that in Refs. [9, 11] we consider OSS that arise in the radial modes of the sphere. The idea that this problem can be avoided by considering OSS in the surface modes provides the main motivation for the present study. As a first step in this direction we have explored in Ref. [14] the OSS in the surface modes of an infinite cylindrical gain material. These modes that we call "singular gallery modes" share most of the characteristic features of the well-known whispering gallery modes, but unlike the latter have a divergent quality factor. In the present article we extend the analysis and results of [14] to a homogeneous spherical gain medium which is practically more important and mathematically more involved.
II. MULTIPOLE SOLUTIONS OF MAXWELL'S EQUATIONS
Consider an optically active material of spherical shape. Let a and n respectively denote its radius and complex refractive index, and suppose that the latter is independent of space and time. The Maxwell equations describing the interaction of the electromagnetic waves with this system have the form:
∇ × E +˙ B = 0,
where D( r) := ε 0 z(r) E ( r), H( r) := µ −1 0 B( r), ε 0 and µ 0 are respectively the permeability and permittivity of the vacuum, r is the position vector, r := | r| is the radial spherical coordinate, z(r) := n 2 for r < a, 1 for r ≥ a,
and an over-dot denotes a time-derivative. Assuming a harmonic time-dependence for the fields, E( r) = e −iωt E( r) and H( r) = e −iωt H( r), we can use (2) to obtain
where k := ω/c is the wavenumber, c := 1/ √ µ 0 ǫ 0 is the speed of light in vacuum, Z 0 := µ 0 /ǫ 0 is the impedance of the vacuum, andk := k z(r).
Following the standard treatment of the vector Helmholtz equations (4), we construct the multipole solutions of these equations using the vector spherical harmonics:
where ℓ is a non-negative integer, m is an integer fulfilling |m| ≤ ℓ, and Y ℓm are the standard spherical harmonics [15] . This yields the transverse electric (TE) and transverse magnetic (TM) multipole solutions of (4) that are respectively given by
Here E is a scalar function of the form
a i , with i = 0, 1, 2, are complex coefficients possibly depending on ℓ and m, j ℓ and h (1,2) ℓ are respectively the spherical Bessel and Hankel functions, and H is a scalar function having the same form as E (with a possibly different choice for a i .)
Notice that the solutions (7) and (8) are acceptable provided that they satisfy the appropriate boundary conditions for the problem, namely that at r = a the tangential component of both the E and H fields must be continuous functions of r. Table I gives explicit expressions for the components of the electric and magnetic fields in the spherical coordinates, and Table II shows the equations representing the boundary conditions satisfied by the electric and magnetic fields. Here for brevity, we do not make the ℓ-and m-dependence of the field components explicit and absorb a common constant factor in the definition of the coefficients a i appearing in the expression for E and H . We also introduce x := ka and
where P m ℓ are the associated Legendre polynomials, and for every differentiable function f (r),
According to Table II the reflection amplitude for the TE and TM waves are given by [9] 
for TE waves,
for TM waves. (12) Notice that in view of (11) the above expression for the reflection amplitude of the TE waves simplifies, and we find
for TE waves.
TE-Fields TM-Fields
ℓm (θ) e imϕ Hr = 0 
(1)
(1) Here a prime denotes the derivative of the corresponding function. Spectral singularities are given by the real values of k at which the reflection amplitude diverges. According to (12) and (13) , they correspond to the real values of k (and hence x) that satisfy
III. WHISPERING AND SINGULAR GALLERY MODES
Whispering gallery models (WGMs) are field configurations that propagate in a close vicinity of the inner boundary of a cylindrical or spherical medium [16] . For our spherical model, Eqs. (7) and (8) give an infinite family of exact solutions of the wave equation. In order to see if this family includes WGMs, we examine the corresponding timeaveraged energy density and Poynting vector which are respectively given by
In the following we study the behavior of these quantities for the multipole TE and TM field configurations, separately.
A. TE Waves
Employing Eq. (16) and the formulas listed in Table I for the components of the TE fields, we find
where
Inside the sphere, where r < a, z(r) = n 2 , E (r) = a 0 j ℓ (k n r), and Eqs. (17) and (18) take the form
As a result, the angle between S and the tangent plane to the surface of the sphere is given by
where v · w stands for the standard dot product of vectors v and w in the Euclidean space R 3 . Equations (22) - (24) have the same structure as the corresponding equations for the TE waves associated with the cylindrical gain medium of Ref. [14] . In order to gain a better understanding of the consequences of (22) and (24), we express them in terms of the real and imaginary parts, η and κ, of n and, in view of the fact that |κ| ≪ 1 < η, expand the result in powers of κ. In this way we find
ζ := krη, O(κ d ) stands for terms of order d and higher in powers of κ, and we have used the relation
which follows from the spherical Bessel equation, j
The θ-dependence of u complicates the study of its r-dependence. This complication can be avoided by realizing that we can fulfil the condition that u be concentrated on or near the boundary of the spherical sample by demanding that its average over the solid angle subtended by the sphere, i.e.,
has a peak near the boundary of the sphere. In (30), S 2 stands for the unit sphere, and dΩ := sin θ dθ dϕ is the solid angle element. As shown in the appendix (Eq. (56) below), we can express u in terms of an orthogonal set of vector spherical harmonics and use their properties to evaluate the integral over the solid angle in (30). For r ≤ a, this gives
whereF
Because (31) and (32) have the same structure as the corresponding expressions for the cylindrical sample studied in [14] , we can make use of the arguments presented in [14] to conclude that u has a peak at the boundary of the sphere, if ℓ ≫ 1 and ζ is a zero of j ′ ℓ . This leads to a set of surface waves that we label as WGM ′ . The more conventional whispering gallery modes, that we denote by WGM, correspond to the cases that ζ is a zero of j ℓ , [17] .
Notice that the time-averaged energy density u of the surface waves that we have constructed is a function of ℓ, m, r, and θ. The above analysis shows that if we choose ℓ ≫ 1 and ζ to be the first zero of j ℓ (or j ′ ℓ ), u is concentrated in a thin spherical shell of outer radius a.
It turns our that, similarly to the cylindrical model studied in [14] , neither WGM nor WGM ′ of a spherical gain medium is capable of supporting a spectral singularity. In the following we explore the singular gallery modes (SGMs) that by definition support spectral singularities. These are also labeled by an angular mode number, namely ℓ, and a radial mode number q. The latter counts the number of peaks of u for ζ ≤ akη. The peaks (maximum points) of u as a function of ζ lie in the intervals bounded by the adjacent positive zeros of j ℓ and j ′ ℓ . Before treating the SGMs in more detail, we wish to elaborate on the behavior of the angle between the Poynting vector and the tangent plane to the surface of the sphere, namely, Θ. According to (24) and (26), depending on the value of ℓ, m, and θ, T 2 (θ) can vanish or take extremely small values, and Θ ≈ −π/2. Therefore, unlike for a cylindrical sample [14] , it is possible that the Poynting vector be normal to the surface of the sphere and at the same time the time-averaged energy density be concentrated on or near its boundary. Figure 1 shows the graphs of u and Θ as a function of θ for fixed values of ℓ, m, r, η = 1.81, and κ = 10 −7 . As demonstrated by this figure, u has ℓ − m minima, where it vanishes approximately, and more interestingly these minima coincide with those of Θ. Because |Θ| takes extremely small values except when θ is in a close vicinity of the minima of Θ, the condition that u attains its maximum near the surface of the spherical sample is compatible with the condition that the wave travels essentially in a direction tangent to this surface. 
The TE SGMs are determined using Eq. (14) which we can also express as
Clearly, this equation does not restrict the range of values of m. Therefore, one can consider superpositions of SGMs with different m for the same ℓ.
Because ℓ −1 ≪ 1 and |κ| ≪ 1 < η, we can gain a better understanding of the consequences of (34) by expanding it in powers of κ and ℓ −1 . As we show below, this gives a reliable approximation for (34) that involves trigonometric and hyperbolic functions.
We begin our perturbative treatment of (34) by using (29) to express the right-hand side of (34) in powers of κ. Next, we note that the spherical Bessel and Hankel functions are related to the usual Bessel and Hankel functions according to
where ν := ℓ + 1 2 . Furthermore, we recall that for the typical laser material that we are interested, η > 1 and |ζ − ν| ≪ ν so that x < ν. This in turn shows that we can employ Debye's asymptotic expansions [20] ,
where α := cos
, β := cosh −1 (ν/x) ∈ R + , and ψ := ν(tanh β − β). Finally, we use (29) -(37) to compute the real and imaginary parts of (34). This gives
Here ≈ stands for the approximate equalities that ignore O(κ 2 ) and O(ν −1 ) in (36) -(37). Tables III gives the numerical values of the physical parameters for the SGMs of a spherical gain medium of radius a = 50µm, ℓ = 600, and η = 1.8217. Here λ ℓ,q , κ ℓ,q , and g ℓ,q respectively stand for the wavelength, the imaginary part of the complex refractive index, and the gain coefficient required for exciting the SGM labeled by ℓ and q. The latter satisfies g ℓ,q = −4πκ ℓ,q /λ ℓ,q . Table IV gives, for the same sample, the total number of SGMs q max (ignoring the degeneracy related to the choice of the mode label m), their spectral range, and the minimum gain coefficient g min required for exciting the SGM corresponding to q = 1 for several values of ℓ.
According to the data depicted in Tables III and IV , the minimum gain required for generating an OSS in the SGMs is a decreasing function of ℓ and an increasing function of q. In particular, by properly lowering any amount of ℓ qmax λmin (nm) λmax (nm) gmin (cm gain we can excite a SGM of sufficiently large ℓ. Therefore, similarly to the cylindrical model studied in Ref. [14] , the system lacks a lasing threshold effectively. This shows that we can generate spectral singularities in the surface waves of a micrometer-size spherical gain medium and avoid the technical problems related to maintaining a relatively large and highly uniform gain coefficient throughout a millimeter-size sphere [9, 11] .
B. TM Waves
Pursuing the approach of the preceding subsection and using the formulas given in Table I , we obtain the following expressions for the time-averaged energy density and Poynting vector for the TM waves.
where T 0,1,2 are defined by (19) - (21), and
Again inside the sphere, where z(r) = n 2 , H (r) = a 0 j ℓ (k n r), and Eqs. (40) and (41) take the form
Expressing the right-hand side of these relations in terms of η and κ and realizing that κ ≪ 1 < η, we can show that
where F ± are given by (27) and (28) except that now u − := 3/2. OSSs in the TM modes are determined by Eq. (15) that we express as
In view of Eqs. (35), the identity and Debye's asymptotic expansions (36) and (37), we find the following expressions for the real and imaginary parts of (46) and the angle Θ.
We have used Eqs. (48) and (49) to determine the physical parameters associated with the TM SGMs of our spherical model. We summarize the results in Tables V and VI which are the TM-analogs of Tables III and IV . They lead to a similar conclusion regarding the lack of a lasing threshold for the spherical sample under consideration.
IV. SINGULAR GALLERY MODES IN THE PRESENCE OF DISPERSION
In Section 3 we explored the TE and TM SGMs for a spherical gain medium whose refractive index n was assumed not to depend on the wavelength. In this section we generalize our treatment of SGM by taking into account the dispersion effects.
First, we recall that among the physical parameters x, η, κ and ν entering the description of the SGMs of our model, x and κ depend on the radius a, the wavelength λ, and the gain coefficient g of the medium according to [18] 
Next, suppose that the gain material filling the sphere consists of an optically active medium that is obtained by doping a host medium of refraction index n 0 and modeled by a two-level atomic system with lower and upper level population densities N l and N u , resonance frequency ω 0 , damping coefficient γ, and the dispersion relation: ), e is electron's charge, and m e is its mass. Denoting by κ 0 the imaginary part of n at the resonance wavelength, λ 0 := 2πc/ω 0 , we haveω [7] . Inserting this relation in (52), using n = η + iκ, and neglecting O(κ 2 0 ), we obtain [9] 
. Next, we recall from (51) that κ 0 is related to the gain coefficient at resonant wavelength, g 0 , according to κ 0 = −λ 0 g 0 /(4π). Substituting this equation in (53) and using the resulting relations together with (51) in Eqs. (34) and (46), we can determine the values of λ and g 0 associated with OSSs.
For definiteness we consider a sphere of radius a = 50 µm made out of Nd:YAG crystals with the following specifications [18, 19] .
In the following we summarize the results of our numerical investigation of the OSSs in the TE SGMs of the gain medium (54). These make use of the exact equation for the OSSs, i.e., (34) and (46), and the dispersion relations (53). Figures 2 and 3 show the location of the OSSs in the λ-g 0 plane for TE and TM SGMs with various choices of ℓ. The presence of OSSs for extremely small gain coefficients confirms our expectation that surface waves can support OSSs for very small values of the radius.
A graphical study of the ℓ-dependence of gain coefficient g 0 that is required for exciting SGMs shows that g 0 is a decreasing function of ℓ that tends to zero as ℓ becomes arbitrarily large. This agrees with the perturbative results we have listed in Tables IV and VI as well as the results reported in Ref. [14] for the cylindrical gain media.
Our numerical studies also confirm the observation that SGMs have a divergent quality factor, and that given their abundance, we can simultaneously excite several SGMs using the same amount of gain. Figure 4 shows the graph of the reflection coefficient |R| 2 as a function of λ for a situation in which this scenario holds effectively. The peaks represent four different OSSs that arise for g 0 ≈ 6.682 × 10 −3 cm −1 . Table VII gives the corresponding ℓ, g 0 , and λ values.
V. CONCLUDING REMARKS
Singular gallery modes are surface modes that support spectral singularities. They share most of the properties of the whispering gallery modes but unlike them have a divergent quality factor. In this article we have explored the TE and TM singular gallery modes of a homogeneous spherical gain medium. These are determined by a set of rather complicated mathematical expressions that have similar structure to those of an infinite cylindrical gain medium [14] . The main distinguishing factor is that for a spherical gain medium the time-averaged energy density u depends on both the radial and polar coordinates, r and θ. The same is true for the angle Θ between the time-averaged Poynting vector and the tangent plane to the surface of the sphere. For a surface wave, we expect that u has peaks on or near the surface of the sphere while |Θ| is very small. A careful study of u and Θ for a surface wave with mode labels ℓ and m shows that, for sufficiently large ℓ, Θ deviates from zero noticeably only within extremely narrow intervals around its minimum points that are ℓ − m in number. These points that are symmetrically located about θ = π/2 happen to coincide with the minima of u at which u vanishes approximately. This observation shows that the conditions on u and Θ that characterize the surface waves of the sphere and used in the study of the whispering and singular gallery modes are indeed consistent. The condition that a surface wave supports a spectral singularity and hence has a divergent quality factor does not involve the mode label m. Therefore, once one can generate a spectral singularity in a surface mode with mode labels ℓ ⋆ and m ⋆ , there will appear spectral singularities with mode label ℓ ⋆ and arbitrary m in the range −ℓ ⋆ , −ℓ ⋆ +1, · · · , ℓ ⋆ . This shows that the singular gallery modes can be uniquely determined by the angular mode number ℓ and a radial mode number q that counts the peaks of the time-and solid-angle-averaged energy density u as we increase r from 0 to a.
Our perturbative, numerical, and graphical study of singular gallery modes show that for any amount of gain, the system includes singular gallery modes corresponding to smaller gains. Hence, similarly to the cylindrical sample of Ref. [14] , a spherical gain medium lacks a lasing threshold, effectively.
Another common feature of the cylindrical and spherical models is that the abundance of singular gallery modes allows to consider situations that the system possesses distinct spectral singularities for approximately the same amount of gain. This means that one can excite different singular gallery modes simultaneously and make the system emit non-monochromatic waves.
Finally, we wish to stress that our treatment of the surface waves of a spherical medium differs from the standard approach used in the study of the whispering gallery modes [17] in that the latter employs the uniform asymptotic expansion of the spherical Bessel and Hankel functions [20] and yields large-ℓ asymptotic series involving the Airy function and its derivative. We instead use Debye's asymptotic expansion which is less restrictive. In fact, it turns out that the uniform asymptotic expansion is not capable of characterizing all the singular gallery modes.
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